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O ■ Abstract. We show that from the e.m. magnetic moments of all octet baryons one 

cannot determine /i^ (the strange proton magnetic moment), contrarily to a result of 
[ Jido and Weise. Using the general QCD parametrization (GP) we clarify why one can, 

[T I I instead, obtain /i* from the Z magnetic moment (or Sachs G'fj(O)) of the proton. This 

Q ■ is due to the Trace terms in the GP of the magnetic moments and specifically to the 

. fact that the coefficient of Tr[Q'^P'^] cannot be extracted from the octet (7) moments 

(Q'^'s are the u,d,s electric charges and P'^ is the s quark projector). To measure (or 
>• I put an upper limit to) /i^ by the electroweak e — p scattering experiments, one exploits 

^ I the small terms proportional to Tr[Q^] and Tr[Q^P^] {Q^ are the electroweak charges 

of u,d,s). We relate fip in the Beck-McKeown formula to the Z Trace terms. We 
estimate a 3-gluon exchange factor reducing the order of magnitude of \fip\. 
^ : PACS: 13.40.Em, 12.38.Aw, 14.20.Dh 

O 



(N 
O 



X 



1 .Introduction 



Qh! The ss contribution fi^ to the proton magnetic moment has been the subject, till 5 

I years ago (compare [T]), of at least 20 calculations producing values (with both signs) 

of lip from 0.8 down to 0.003 in units /ijv; a very recent QCD lattice calculation ^ gives 
fi^= —0.046 ± 0.019 hn- The experimental data - based on the e.m.-weak interference 
in e-p scattering at low - are at present unable to reach this precision. ^ 

In a most recent calculation on the subject it is asserted that fip can be ob- 
tained from a group theoretical SU3 analysis of the octet baryon magnetic moments; 
the result is (fit 2) /i^ = +0.155 ± 0.022 or (with a more complete calculation- fit 3) 
/ip = +0.161 ± 0.028 in units fi^. However the method is incorrect. Even a perfect ex- 
perimental knowledge of the magnetic moments of all octet baryons would not allow to 
deduce -contrarily to what is implied in Ref.0- the contribution of the ss to the proton 
magnetic moment. We consider this here, because the general QCD parametrization 
(GP) reveals some interesting aspects. The main argument, to be developed below, 
goes as follows: The treatment in j3] ignores the circumstance that the Tr[Q'^] of the 
electric charge matrix of u, d, s is zero whereas the Tr[Q^] of the electro- weak charge 

"'^e-mail: dillon@ge.infn.it ; morpurgo@ge.infn.it 

^The last published value from the SAMPLE experiment (gl) at q'^ = 0.1{GeV'^) is : G|^(g2 = 
0.1)(p) = 0.37 ± 0.20 ± 0.26 ± 0.07. For the results of other continuing experiments (HAPPEX, GO 
and MAINZ) compare 0. 
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of u, d, s is difFerent from zero; this explains why, to find /i^, one had to embark in 
the difficuh 7-Z interference experiments mentioned above. 

We will proceed as follows. In Sect. 2 we recall the basis of the GP; in Sect. 3 we 
re-discuss the most general QCD expression of the octet baryon moments; indeed, to 
extract the contribution of the ss loops in the proton, one must focus on the Trace 
terms in the above expression. Note the following : A Trace term Tr[Q'^P'^] -that, 
in principle, might contribute to /Xp- appears in the GP of the octet baryon magnetic 
moments (P'^ is a projector on the quark s). But (Sect. 3), once the octet magnetic 
moments of p, ra. A, S^, and the TP A7 transition element are parametrized, an 
identity relating the coefficients of the various terms precludes to extract the coefficient 
Qq in front of Tr[Q"'P'^] from the magnetic moments. Thus /x^, cannot be related (via 
the term Tr [Q'^-P*] ) , to the experimental values of the magnetic moments. To deter- 
mine /Xp, one needs (Sect. 4) the trace terms Tr[Q^] and Tr[Q'^ P'^] from the Z moments. 
To show this we will re-derive (Sect. 4) by the GP the Beck-McKeown "key formula" 
(Eq.(28) of [1 ) for the extraction of /i^ = G%j{Q). 



2. The general parametrization: Some elements 

Because the general QCD parametrization (GP) has been described in detail ([Hj, 
[7]), we note here only its basis, needed to clarify the expressions of the baryon mag- 
netic moments in the following sections. The name "general QCD parametrization" 
recalls that the procedure is derived exactly from the QCD Lagrangian exploiting only 
a few general properties. ^ 

The GP applies to a variety of QCD matrix elements or expectation values. By 
integrating on all internal qq and gluon lines, the method parametrizes exactly such 
matrix elements. Thus hadron properties -like hadron masses and magnetic moments- 
are written exactly as a sum of some spin-flavor structures each multiplied by a coeffi- 
cient. Each structure (term) has a maximum of three indices. The coefficients of the 
various structures decrease with increasing complexity of the structure, giving rise to 
a hierarchy of the coefficients. This "hierarchy" -see Sect. 5 for more details- explains 
why the non relativistic quark model (NRQM), that keeps only the simplest additive 
(one index) terms, works fairly well; More generally the GP clarifies the relationship of 
QCD to constituent quark models. 

To exemplify, we write the GP magnetic moment of a baryon B: 

(V>b|m|^b) = {MV'yiv\cpB) (1) 

In Eq.(^ M is the exact QCD magnetic moment operator, which, in the baryon rest 

■^Because the script symbols for the quark fields used in the QCD Lagrangian in and in some 
other papers may be confusing, standard symbols m, d, s were adopted from the first paper cited in 
on. 



2 



system, is: 

M = (l/2) Jd'r{rxj{r)) (2) 

Here 

j,{x) = eq{x){l/2)[X, + {l/V3)Xs\q{x) (3) 

is the e.m. current expressed in terms of the quark (u, d, s) fields q{x)] \iPb) is the exact 
eigenstate of the QCD Hamihonian for B at rest; is an auxihary three body state 
of B, factorizable as 

\(Pb) = \Xl=o ■ Wb) (4) 

into a space part Xl=q with orbital angular momentum zero and a spin unitary-spin fac- 
tor Wb- The unitary transformation V -applied to the auxiliary state transforms 
the latter into IV'b)- Integrating on the space variables, Eq.((T)) becomes: 

{^b\M\^b) = {MV^MV\<Pb) = {WB\Y.9uG,is,f)\WB) (5) 

where the Gsy's, are operators depending only on the spin-fiavor variables of the three 
quarks in and the gy's, are a set of parameters. The meaning of V -that generates \'^b) 
from the \(^b) is jEj that V dresses the auxiliary state with qq pairs and gluons; it also 
introduces configuration mixing (in other words, has L=0, but i\}b is a superposition 
of states with different L's). The choice of a factorized structure (space x spin-flavor) of 
the auxiliary state (compare Eq.(j3])) allows the elimination of the space coordinates 
in the GP (the second step in Eq.(0)). A flnal remark: The GP is, of course, compatible 
with chiral theories (compare on this the recent work by Durand and Ha [S]) provided 
that the chiral Lagrangians considered have the general QCD properties used by the 
GP. Chiral theories of baryons incompatible with the correct QCD Lagrangian do not 
lead to the GP (see e.g. Sect. VII of the 2nd paper in [7j). 



3. Can one extract /i* from the magnetic moments of the octet baryons? 

To derive the Beck-McKeown formula for /i^ we need only the GP expressions of 
the p and n magnetic moments. But the paper by Jido and Weise [Sj is based on the 
magnetic moments of all octet baryons. Thus we must write them below. It is: 

7 7 

M,{B) = {Wb\Y.9u{G,)z\Wb) = {Wb\J2UGu)z\Wb) (6) 

The fact that Eq.® appears as two identical sums, one with eight, the other with seven 
terms will be explained in a moment. First we clarify the notation and use of Eq.ljU]). 
The symbols are as follows: To flrst order in flavor breaking (but -because P'^ = [P*]" 
for any integer n- the trace term remains the same at all orders in flavor breaking) , the 
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Gjy's are: 

Go = TrlQW^] a, G^ = E^ Ql^r, 

G2 = Y.i QlPi<^ i G3 = J2ij^k Ql^ k 

(7) 

G4 = J2i^k Qi k G5 = J2ij^k QkPi^ i 

Ge = Z^i^fc QJPk^ i G7 = Y.i^j^k QJPjf^ k 

The sums over i,j,k extend to the three quarks in the Wb factor of the auxihary state 
of the baryon B, Q] is the electric charge of the i-th quark and cTj its (Pauh) spin; 
P/ is a projection operator (=1 if the i-th quark is strange, =0 if it is u or d). From 
Eq.(jni) it appears that the magnetic moments are the expectation values of the G^, in 
the spin-flavor states Wb of the baryons. 

The equality of the two sums (with 8 and 7 parameters) in Eq.® is due to the 
following identity (Ref. [Hj) relating the G^s, that holds for their expectation values in 
the IWbYs^ 

Go = -^Gi + ^G2 - ^G3 + ^G4 + ^Gs + ^Gg + ^Gj (8) 
6 6 b 6 b b 6 

The magnetic moments of the octet baryons expressed [Eqs.(jn},(IZ|)] in terms of the cji, 
's are (the baryon symbol indicates the magnetic moment): 

P = 9i 

n = -(2/3)(^i-^3) 

A = -(l/3)(^l-^3 + ^2-^5) 

S+ = ^1 + (l/9)(^2 - 4^4 - 4^5 + 8^6 + 8^7) (9) 
S- = -(l/3)(^i + 2^3) + (l/9)(^2 - 4^4 + 2^5 - 4^6 - 4^7) 
SO = -(2/3)(^i - ^3) + (l/9)(-4^2 - 2^4 + 4^5 - 8^6 + lO^y) 
E = -(l/3)(^i + 2^3) + (l/9)(-4^2 - 2g, - 8g, - 2ge - 2~gj) 

and: 

/i(SA) = -(l/v^)(^i + h) (10) 

This Okubo (R,ef.|l()j) equation, relating /i(SA) to the other magnetic moments -correct 
to first order in flavor breaking- is reobtained, of course, in the GP |6j. 

''The Eq.(|Hl holds for any traceless 3x3 diagonal matrix Q -not necessarily Q'^ . 
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If written with the g^s rather than with the g^s, using the equations (fTTjl be- 
low - obtained from the identity (jH)) - the above formulas are all changed in the 
same way, by the addition of (— l/3)(7o to the r.h.s. of all expressions (e.g. n = 
— (l/3)(7o — (2/3)((7i — (73), etc.): Eq. lfTmi stays unchanged. 

gi = gi- {l/3)go ; ^2 = 5-2 + (2/3)5'o ; h = 93 - i5/Q)9o 

g4 = 94 + i5/3)go ; h = 9b + iM^)9o ; ^6 = 5-6 + (1/6)^0 (H) 

^7 = 6-7+ (2/3)5(0 

The cjyS obtained from the magnetic moments of p, ra, A, S^, are: 

51 = 2.793 ; 52 = -0.934 ; 53 = -0.076 ; 54 = 0.438 

55 = 0.097 ; 56 = -0.147 ; 57 = 0.154 ^ > 

We now come back to the term Go=Tr[QP^]Yl,i(^i in Eq-® which is the only 
quantity related to /i^ in the octet magnetic moments (as we shall see below). From 
the Eqs. (jH} above it results that its coefficient 50 cannot be determined from the octet 
moments. More precisely: The experimental values of the magnetic moments deter- 
mine only the seven 51,'s -see Eq.©- not 50. 

This fact alone shows why the treatment and results of Ref.0 are not valid. 

This statement applies to the fit 2 of Ref. [H], where the five terms involved corre- 
spond to five of our eight terms g^,, and also to their fit 3 because the goTr[Q'^ P^] term 
discussed above is the only possible Trace term. Note: A QCD fit to the octet magnetic 
moments (correct at least to first order in fiavor breaking) requires seven parameters, 
after the use of the identity (jH)). If ((HI) is ignored and a fit is performed with a smaller 
number of parameters, one may find incorrectly any value for a misidentified 50. 

To complete the argument we must state why 50 would be the only coefficient of 
interest for an (impossible) purely electromagnetic determination of /x^. The answer is 
straightforward: In the result of any QCD field theoretical calculation of the magnetic 
moments. Trace terms implying a charge are associated to qq loops; Tr[Q'^P'^] is the 
only Trace term appearing in the 7 magnetic moments of the octet baryons and there- 
fore the only term that might be related to a loop ss. 

So far we considered only the magnetic moments, but the treatment can be easily 
extended to the q^ dependent Sachs form factors GM{q^) of the baryons. As shown in 
jllj . it is sufficient to operate in the Breit frame and let the coefficients g^s depend on 
g^, the square of the four-momentum transfer. Thus, although here we will refer to the 
magnetic moments GuiS^), the same treatment applies to any GM^q^)- 



4. The determination of /i* from the electroweak interference. 

The determination of /i^ in the e — p scattering experiments (measuring the parity 
non conserving amplitude) is discussed in the GP rewriting the current as: 

= eq{x)Qq{x) (13) 
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where Q has a structure similar for the 7 or Z exchange between e and p: 

Q = coXo + C3A3 + csXs = QuP"" + QdP'' + QsP' (14) 

Here the c's are some (real) coefficients, Aq is the unit matrix Diag[l,l,l]= 1; Aq, A3, As 
commute, as required for a GP calculation in QCD. In the r.h.s. of Eq. ()14|) P", P"', P'^ 
are projectors on the quark fields m, d, s. The unit matrix is there to include the case 
of g^, where Tr[Q^] ^ 

For the e.m case one inserts in Eq. (fT!?j) Q = = (1/2) [A3 + {l/^/3)Xs], that is the 
diagonal matrix Diag[QT;, Q], QI] = [2/3,-1/3,-1/3]. It is Tr[g^] = (we limit to 
the quarks u, d, s). 

For the exchange of a Z the electro- weak charges of the quarks in Eq. ^T^i are: 

Qf = kw[l-{8/3)sm^ew] 

Qf = kw[-l + {^/3)sm^ew] (15) 
Qs = A;H/[-l + (4/3)sin2^i^] 

where kw = [2 sin(26'iy)]"^ that is, in Eq.(IT3I) is the matrix Diag[(5f , Qf , Qf ]; both 
Tr[Q^] and Tr[Q^P'] do not vanish. 

Now we will obtain by the GP /i^ and the basic formula (Eq.(28) of P) giving /x^ in 
the electro-weak interference experiments. We will show that such formula works due 
the fact that Tr[Q^] and Tr[Q^ P^] do not vanish; the sum of their coefficients go + go 
is what the experiments are trying to measure. 

The current (jl3p . similar for 7 and Z exchange, makes the GP procedure simple. 

From now on we consider only p and n. From Eq.(0) their magnetic moments are: 

M«(p, n)=g,J2 Qi^i + E Q^^k + 9oTr[QP'] Y.(t, + goTr[Q] ^ (16) 

In Eq. fll6p Q is the charge given in Eq.()14|): to reproduce the 7 magnetic moments of 
p, n-(Sect.3)- one inserts for Q the electric charge diagonal matrix Diag[2/3, —1/3, —1/3]. 
To obtain the magnetic moments measured in the parity non conserving electro-weak 
e — p scattering, one inserts in Eq. ()16|) the electro-weak charge Q{Z) [Eq. p5|) ].^ 

We write separately the contributions of u, d, s to M*^ (for p, n); from Eq. (fTB|) it is: 

M<3 = M" + M"^ + (17) 
where the M", M'^, M'* are written below [from Eq. (fTB|) ] in terms of the projectors 

^The trace term gQTr[Q] cr^ that now appears in the Eas. (|16|l . was not present in the 7 deter- 
mination of the magnetic moments, because Tr[Q'^] vanishes if only the u, d, s quarks are considered. 
[We also saw that Tr[Q''P^] does not play a role for the e.m. moments] 
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P", P^, P': 

M'^ = Q^Pt<Ti + ^73 E.^fc Q.i^'o-fc + %Tr[QP''] cr,. (18) 

M^ = (^o + ^?o)Tr[QP^] E.'T, 

These equations hold both for the 7 and Z contributions to M", M'', M''; that is in 
Eqs. flTSj) any Q can be either Q'^ or . Note that Ei = 2J; of course 2 J^, = 1 if the 
baryon spin is up along the z axis. 

The contributions of the quarks u, rf, s to the (7 or Z) magnetic moment of the 
proton are the expectation values /Xp = (p T t) where the upper / in M/ stays 

for u or d or s. Using the Eq. (jl8p and writing also: 



90 = 90 + 90 (19) 

one obtains: 

il^p/Qu) = ^9i + I93 + 90 = 1^1 + 1^3 + 9o 

(/ip/Qd) = + |(?3 + ^0 = -Ih + Ih + 90 (20) 

(/^p/Qs) = 9o 

Similarly for the neutron we have: 

if^n/ Qu) = -\9l + 1^3 +90 = -\gi + 1^3 + 90 

MQd) = \9i + 1^73 + ^0 = 1^1 + 1^3 + ~9o (21) 

(/^n/Qs) = 90 

The Eqs. fl20|) . (PT|) refer to the 7 magnetic moments (on inserting there Q = Q"') or 
to the Z magnetic moments (if Q = Q^). Our (fip/Qu) (and the similar quantities for 
d,s) are the Sachs form factors [at q'^=0] G^(0), Gl^(O), G'^(O) of Ref.p.^ 

In the Eqs. fl20l21|) the right hand side of the expressions for [iJ^p/Qu] , [fJ^p/Qd], 
[f^n/Qu], [fJ't/Qd] have been written in terms of the tilded parameters 91,93 using the 
Eqs. dllj) . However recall that the tilded parameters extracted from the 7 magnetic 
moments, give no information on Qq nor, of course, on Qq. Thus the interpretation of 
the Eqs. ()20j) and ()21|) is the following: The ss contributions to the magnetic moments, 
which can only be read in the Trace terms, must be extracted measuring go by the 
very difficult Z exchange experiments (as stated Tr[Q^] and TrlQ^P'"^] do not vanish). 
Clearly, from the Eqs. ()20l2ip fmultiplving each by its Qu, Qd, Qs and summing) it 
emerges that, to determine go, Tr{Q) = {Qu + Qd + Qs) has to be different from zero. 

From the Eqs. ()20j) and ()21|) the 7 and Z moments of p and n follow immediately. 

•^Compare their Eqs. (26), (27) that define Glj and Gfj 
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They are (the 7 moments coincide of course with those of Eq.®): 



91 



i2/3)Cg,-h) 



/if — k 



w 



((5/3) - 4 sin^M^i- (2/3)^3-^0 



-(5/3) + (8/3) sin^ OwYgi + ((2/3) - (8/3) sin^ ew)h - 9o 
The first Eq. lj^^ is identical to the Eq.(28) of PJ (transcribed below): 

^ff = (1 — 4 sin^ Ow)Gl[ — G^-p — G'm 



n^'P ,,7 



(22) 
(23) 

(24) 



/^7:P 



as can be seen recalling that, in the notation of fP^, Hp/kw 
/^n = G]^, go = G%j. 

The novel feature of this GP derivation of the Beck-McKeown equation is that fip 
is related directly to the Trace terms in a QCD plus electroweak field theoretical de- 
scription. 



5. A GP estimate of the 3-gluon exchange factor reducing 

The GP hierarchy of the coefficients means (Sect. 2) that the coefficient of each sum 
of terms (characterizing the hadron property under study) decreases when the number 
of different indices in the terms under consideration increases or when -at equal number 
of indices- flavor breaking factors are present. To exemplify, each G^^s of the baryon 
magnetic moments in Sect. 3 is a sum of terms. Other examples, among the many ones, 
are the octet and decuplet baryon masses jHl EI or the electromagnetic mass differences 
of baryons ^2]- The order of magnitude of the reduction -mentioned above- of the 
coefficients is ~ 0.33 for the reduction due to a flavor breaking factor and 0.33 ± 0.05 
for an index due to the exchange of one gluon between two "constituent" quark lines. 
Here, to estimate we are interested in the reduction factor due to the three gluons 
forming a colour singlet state with J=l. If, for each gluon in Fig.l, the value of the 
reduction factor were the same (~ 1/3) as that for gluon exchange between constituent 
quarks inside a hadron, one would have, approximately, a reduction factor of the order 
(1/3)^; however, for this case (Fig.l), an independent estimate is appropriate. 

This estimate is possible applying the GP analysis of the vector meson 7 decays 
to the (j) ^ TTj and u — >■ irj. One sees from the table I of JH]) that the rate of the 
— > 7r7 is determined by the deviation A6v of the vector mixing angle A6v from its 
ideal value (35.3°) plus two terms ■ Fs and -^1 ■ F7 produced by a three gluon (J=l) 
exchange between and 7r°. Although A6v is itself due to a three gluon J = 1 color 
singlet exchange, below we will focuss on these terms F5 and F7. 

The uncertainty arising from the poor knowledge of the form factor in the — >■ 717 
decay can be partially eliminated by considering the ratio between the — >■ 717 and 
the — 7r7 decay rates, because the two decay momenta (379 and 501 Mev) are not 
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Figure 1: The Z interacts with a s-quark loop (in the e — p parity violating scattering) that must be 
connected by at least three gluons to an internal quark line q of the proton. Note: The three gluons 
may also reach different internal quark lines, not the same as in the figure. 



too different and the uj ix^ rate is reasonably well known. The p ^ 7r7 is presently 
affected by much larger errors. From the table I of ^3] cited above and writing an 
equation similar to the Eq.(68) of ^3] (but now with the numerator referring to and 
the denominator to iS) we have "^i 



7r°7) 



r(a; — *■ 7r°7) 



sin A6'y • /ii + Vg P5 fA^i) + Vs At7 fi{^^) 



1.3 



(25) 



Note that the two terms proportional to /s and /y in the numerator of Eq. ()25p 
correspond to a three gluon transition of an ideal (a pure ss state) into an ideal u 
followed by the ttq + 7 decay of the latter. The ratio x (to be introduced below) is 
therefore related to the transition of an ss state into a uu + dd state both with J = 1; 
it gives some estimate (though in a different situation) of the 3-gluon exchange factor 
reducing /i^. We now proceed with the calculation of the r.h.s. of Eq. ()25|) . 

In Eq. ()25j) the term ^5 in the denominator can be neglected. Assuming equal form 
factors for and u and defining x: 



X 



/ii 



we obtain: 



2.3 



sin A6v + X 



(26) 



(27) 



T{uj — s> 7r°7) 

where the factor 2.3 is the ratio [k(f,/k^]^. Because r(0 — > 7r°7) ^ (2.3) ■ r(ci; 71^7) 

^In the table I of jSI all terms proportional to sin A6v were ignored except for that of the direct 
(/) ^ 7r°7 decay. 
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(3.4 ±0.2) ■ 10'3 it is: 



2 



,-3 



sin AOy + X 



(3.4 ±0.2) • 10 



(28) 



Setting sinA^y = (in the linear description - implied by the GP- sinA^v' is small 
~ 1.7 ■ 10~^)-, the right hand side of Eq. ()28|l gives for the three gluon reduction factor 
I a; I of interest^: 



Note that is expressed in units of the p magnetic moment (2.79 ^in)- To estimate 
the correct order of magnitude of one should know, however, in addition to 
two quantities: a) The factor arising from the various ways of connecting the three 
gluons from the loop to the quark lines in the proton; b) The factor arising because 
the three gluons originate from a ss loop, different from the situation intervening in 
the above calculation of x. We are unable to calculate these factors but we felt that 
the strong reduction |x| might be of some interest in itself. To give an idea of the 
number in Eq. lj^ . note that if the product of the factors a),b) above produces a further 
reduction by 2 or 3, we are in the region of values of given in a region where 
the experiments are -perhaps optimistically- called in |2] "tremendously challenging" . 

®0n the other hand a value of sin A0y corresponding to quadratic mixing [Oy = 38. 7*^) might give 
rise to a vanishingly small \x\. 



X 



5.8-10 



-2 



(29) 
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